We prove real Paley-Wiener theorems for the (inverse) Jacobi transform, characterising the space of L 2 -functions whose image under the Jacobi transform are (smooth) functions with compact support.
Introduction
Recently there has been a great interest in real Paley-Wiener theorems for certain integral transform, see [7] for an overview, references and details, using real analysis techniques to give a description of those L 2 -functions whose image are compactly supported functions.
The set-up is as follows: Let ∆ be a differential operator with a continuous spectrum Ω 1 , let ϕ λ (x) be an eigenfunction of ∆ with eigenvalue (−λ), and suppose that the (inverse)
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is an isometry. Assume furthermore ( * ) that λ n g(λ) ∈ L 2 (Ω 1 , dµ 1 ); then
and thus
which after a short computation yields
where the support of g is the smallest closed set outside which the function vanishes almost everywhere.
It is obvious that (1) can be used to study the transform T −1 of functions g with compact support, whose image can be seen to be the set of functions f satisfying
and some extra conditions arising from assumption ( * ), again see [7] for details. However, these extra conditions lead to proofs and statements of a somewhat technical nature. Now furthermore assume that we have a Parseval formula
and that ∆ is a self-adjoint differential operator with respect to the measure dµ 2 . It then follows that T (∆f )(λ) = −λTf (λ) for all smooth functions f such that ∆f ∈ L 2 (Ω 2 , dµ 2 ), and we can show that the image of the compactly supported functions under T −1 are characterised as the L 2 -functions satisfying (2) and the condition ∆ n f ∈ L 2 (Ω 2 , dµ 2 ) for all n ∈ N ∪ {0}.
In this paper, we consider the above approach for the inverse Jacobi transform I α,β := (F α,β ) −1 . We also consider the functions whose image under the Jacobi transform are smooth functions with compact support. Besides the conditions already mentioned, the functions f also need to satisfy an extra polynomial decay condition, to ensure smoothness of the Jacobi transform.
Our approach can be used for many other transforms (and not only on R) and we conclude the paper with some examples: the classical Fourier transform and the Chébli-Trimèche transform. Note that the latter transform is a generalisation of the Jacobi transform. Note also that our approach can be used in many cases where one already knows a version of the classical Paley-Wiener theorem for some transform and one would be interested in a (real) Paley-Wiener theorem for the inverse transform, see, e.g., [1] .
Jacobi functions and the Jacobi transform
Let α, β, λ ∈ C and 0 < t < ∞. We consider the differential equation
where ρ = α + β + 1 and J α,β (t) = (2 sinh(t)) 2α+1 (2 cosh(t)) 2β+1 . Using the substitu- 
for all λ ∈ C and all t 0, where
is an entire function in the variables α, β and λ ∈ C (also for α ∈ −N). The Jacobi transform (of order (α, β)) is defined by
for all even functions f and all complex numbers λ for which the right-hand side is well defined. The (classical) Paley-Wiener theorem for the Jacobi transform [5, Theorem 3.4] states that the normalised application f → Γ (α
even , the space of even entire rapidly decreasing functions of exponential type, for all α, β ∈ C.
We also note that
for all f ∈ C ∞ c (R) even , by self-adjointness of ∆ α,β with respect to the measure J α,β (t) dt. The Jacobi functions of the second kind,
defines for λ / ∈ −iN another solution of (3), characterised by the property that φ α,β λ (t) ∼ e (iλ−ρ)t for t → ∞. Define the meromorphic Jacobi c-functions as
as a meromorphic identity, see [6, (2.15-18) ].
Lemma 2.
Fix α, β ∈ C and let 0 η < 1/2. There exists for λ −η, a converging series such that 
Proof. Follows from the definition of the c-functions. ✷
Assume for the remainder of this paper that α, β ∈ R, α > −1/2, and that |β| < α + 1. The inversion formula for the Jacobi transform can then be written as
for f ∈ C ∞ c (R) even , see [6, Theorem 2.3]. Parseval's formula for the Jacobi transform can be written as
A density argument then shows that the Jacobi transform extends to an isometry from
For sake of brevity, we use the notation
for λ ∈ R, and we conclude that
e. ( * * ), and
for all n ∈ N ∪ {0}.
Remark 4.
The two most important results in this section, for the purpose of this paper, are the intertwining property ( * * ) and the extended Parseval's formula (7) . We note that to prove these identities, we only needed Parseval's formula, density of C ∞ c (R) even and self-adjointness of ∆ α,β , not the full classical Paley-Wiener theorem.
A characterisation of the support of a function
We define the support supp g of g ∈ L 2 (c α,β ) to be the smallest closed set, outside which the function g vanishes almost everywhere, and R g := sup λ∈supp g |λ| to be the radius of the support of g; R g = R < ∞ if, and only if, g has support in the closed interval [−R, R].
Proof. See also [7, Lemma 2] . Assume g has compact support with R g > 0. Then
On the other hand,
Now assume that g has unbounded support. Then
= N for arbitrary N > 0, and we conclude that
The inverse Jacobi transform
We define the inverse Jacobi transform (of order (α, β) ) of an even function g on R via (6),
for all t ∈ R for which the integral exists.
Definition 6.
The L 2 -Paley-Wiener space PW 2 (R) α,β is defined as the space of all even functions f ∈ C ∞ (R) even such that
and
the subspace of even L 2 -functions with compact support and let L R (R)
The real L 2 -Paley-Wiener theorem for the inverse Jacobi transform can be formulated as follows.
Theorem 7. The inverse Jacobi transform
, by the definition of the inverse Jacobi transform (8). Identity (7) thus yields
= R,
) for all n ∈ N, and another application of (7) shows that 
Rearranging (7) and an easy adaption of the proof of Lemma 5 shows that
that is, F α,β f has compact support. ✷ Definition 10. The Paley-Wiener space PW(R) α,β is defined as the space of all even functions f ∈ C ∞ (R) even such that
We notice that the only difference between PW 2 (R) α,β and PW(R) α,β is the extra requirement of polynomial decay, to help ensure that
The real Paley-Wiener theorem for the inverse Jacobi transform is the following
Theorem 11. The inverse Jacobi transform
, so it only remains to show that I α,β g satisfies the polynomial decay condition for any g ∈ C ∞ c (R) even . Let t > 0. Using (5) we obtain
The interchange of integral and sum is allowed by the estimates of Lemma 2. Let
is the classical inverse Fourier transform of G n . We note that
and j ∈ N ∪ {0}, by Lemma 2 and Cauchy's theorem, yielding uniform estimates of the derivatives of G n (λ). The equality
, since f has polynomial decay, and ϕ α,β λ (t) is bounded by (1 + t)e −ρt . Theorem 7 finally implies that F α,β f has compact support with R F α,β f = R. ✷
Other examples and further results

The classical Fourier transform
Let F denote the Fourier transform on R k ,
, and the Fourier transform is an isomorphism of S(R k ) onto itself, with inverse given by
, which for f = f 1 specialises to f 2 = F f 2 , and it is seen that the Fourier transform extends to an isometry from L 2 (R k ) onto itself. Parseval's formula and a density argument again imply that
The L 2 -Paley-Wiener space PW 2 (R k ), the image of the functions on R k with compact support under the (inverse) Fourier transform, can be characterised as 
The Chébli-Trimèche transform
We refer to [2] for details and references. Consider the following more general second order differential operator on R + : Assume furthermore (in order to have a nice Plancherel formula) that there exists δ > 0 such that, for all x ∈ (x 0 , ∞),
where D is a smooth function whose derivatives of any order are bounded.
Let ϕ A λ denote the solutions of the differential equation
and define for f ∈ C ∞ c (R) even the Chébli-Trimèche transform F A as
The inverse I A = (F A ) −1 is given by
for nice even functions g, where |c A (λ)| −2 is continuous on [0, ∞). Parseval's formula for F A has the same form as for the Jacobi transform and F A again extends to an L 2 isometry. We also note that ∆ A is self-adjoint with respect to the measure A(x) dx. The Chébli-Trimèche transform F A reduces to the Jacobi transform F α,β when A = J α,β , α β −1/2 and α = −1/2; and to the Hankel transform when A(x) = x 2α+1 , α > −1/2.
The real Paley-Wiener theorems for the (inverse) Chébli-Trimèche transform can be formulated as follows (with the obvious definitions). Proof. The proof of (1) is the same as for Theorem 7.
However, in order to prove (2), we need a little more work-and we need the classical Paley-Wiener theorem for F A . It is shown in [2] that F A is an isomorphism between generalised L 2 -Schwartz spaces, but the proof relies on estimates coming from the classical Paley-Wiener theorem.
So let now g ∈ C ∞ c (R) even We finally note that we have studied real Paley-Wiener theorems for the Fourier transform on Riemannian symmetric spaces G/K of the noncompact type in [1] .
